In this paper we investigate the applicability of the asymptotic approach developed in Fouque et al. (2000) for pricing commodity futures options in a Schwartz (1997) multi factor model, featuring both stochastic convenience yield and stochastic volatility. We show that the zero order term in the expansion coincides with the Schwartz (1997) two factor term, with expected long-term volatility replacing the constant volatility term, and provide an explicit expression for the first order correction term. Using empirical data from the natural gas futures market, we demonstrate that a significantly better calibration can be achieved by involving the correction term as compared to the standard Schwartz (1997) two factor expression. This improvement comes at virtually no extra effort.
Introduction
A futures option is an option contract in which the underlying is a single futures contract. The buyer of a futures option has the right, but not the obligation, to enter into a futures contract at a certain futures price at a certain date. The seller must take the opposite position in the futures contract when the buyer exercises this right. Specifically, a futures call option is the right to enter into a long futures contract at a certain futures price; a futures put option is the right to enter into a short futures contract at a certain futures price (Hull (2006) ). Predominantly, futures options are American style options, which can be exercised at any time during the life of the contract. However, for a number of energy commodities, including crude oil and natural gas, futures options are also available as European style options. It is important to note that the underlying of a futures option is the futures price, and not the commodity itself. Therefore, the futures option's price is tied to the futures price, and only indirectly to the commodity price. Futures prices for contracts close to maturity track the corresponding commodity price rather closely.
The convenience yield of a commodity is the benefit obtained from holding the spot commodity instead of the futures contracts. This is important when pricing futures contracts, see Brennan (1991) . Gibson and Schwartz (1990) found that a constant convenience yield does not work well for pricing futures contracts. Miltersen and Schwartz (1998) and Schwartz (1997) have developed one-, two-and three-factor models to price commodity futures contracts and futures options with stochastic convenience yields and interest rates. Their results confirmed that constant convenience yield is a rather ill-advised assumption and that a stochastic convenience yield is far better able to fit the different observed shapes of the forward curves. Hilliard and Reis (1998) assumed additionally that the underlying spot price next to a stochastic convenience yield also features a Poisson jump term and show that the relevant option pricing formula is a weighted sum over the corresponding Schwartz (1997) two factor expressions, similar as Merton (1976) .
Stochastic volatility models have become more and more popular for derivatives pricing and hedging, especially since the 1987 market crash. In the Black-Scholes framework, the log returns of assets are assumed to follow a normal distribution and many other models also share this assumption, including the celebrated Schwartz (1997) two factor model. This has the advantage that it often leads to a closed form solution for derivatives prices, but empirical studies strongly contradict the normality assumption of re-turns. Generally, empirical log returns of equities, currencies and commodities have higher peaks and fatter tails, which is indicative of a distribution with differing variances, see Gatheral (2011) , Cassese and Guidolin (2006) and Chiarella et al. (2015) . Options, in terms of implied volatilities which are anything but flat, provide further evidence that underlyings are not lognormal. Recently, Trolle and Schwartz (2009) provided strong evidence that for both futures and options on Brent crude oil it is necessary to consider stochastic volatility when pricing derivatives . In difference to the classical Schwartz (1997) approach, they model the entire forward cost of carry curve in a fashion similar to the Heath-Jarrow-Morton approach for interest rates, with added stochastic volatility to both spot and cost of carry. However, they do not derive an explicit expression for the price of an option in their model. Rauch et al. (2013) discuss the issue of volatility and mean reversion in the pricing of commodity derivatives and calibrate their model to market data from a range of commodities. However, in difference to our paper, they work with constant convenience yield and the assumption that volatility is a function of the commodity price only and not affected by exogenous shocks. In consequence their model is one dimensional, while our model is three dimensional.
In fact, it is very difficult to find closed form solutions for option prices in models with stochastic volatility, especially when convenience yield is also assumed to be stochastic. For constant convenience or dividend yield, Fouque et al. (2000) assumed that the spot volatility follows a mean reverting Ornstein-Uhlenbeck (OU) process and presented an asymptotic expansion to calculate European derivatives prices. The zero order term in this expansion corresponds to the classical Black-Scholes term, where the constant spot volatility is replaced by the long term average volatility. This technique has been extended to cover other volatility dynamics, including Heston volatility, in as well as for real options and optimal exercise timing in and Agarwal et al. (2016) . Recently, Barsotti and Pontier (2016) used the asymptotic approach to study the optimal capital structure in a Merton structural firm model with stochastic volatility. Zaevski et al. (2014) derive an analytical formula for pricing a European call option in a Heston model with tempered stable Lévy jumps but do not consider stochastic convenience yield.
In the current paper we take on the Schwartz (1997) multi-factor model with stochastic convenience yield, which is a benchmark in the commodity literature, and add stochastic volatility of OU type. This model is a good candidate for the applicability of Fouque et al. (2000) 's methodology, as in the constant volatility version it admits closed form expression for the price of European calls and puts which are of a modified Black-Scholes type. In fact, we are able to show that the zero order term in our expansion coincides with the classical expression derived in Hilliard and Reis (1998) for the Schwartz (1997) two factor model with constant volatility and in addition provide an explicit expression for the first order correction term. This correction term is easy to evaluate and in fact the combined expression, consisting of zero order term and correction term, is no harder to evaluate than the Hilliard and Reis (1998) formula. We then demonstrate by looking at data for European call options on natural gas, that by taking account of the correction term, a significantly better fit can be obtained.
The remainder of this paper is organized as follows: Section 2 briefly covers our three factor model which includes spot price, convenience yield and stochastic spot volatility. In section 3, we derive the asymptotic expression for futures options in terms of the spot price as underlying. In section 4, we briefly review the pricing of European commodity options under the Schwartz (1997) two factor model. In section 5 we show how the asymptotic solution for futures options can also be expressed in terms of futures price as the underlying, which is closer in line with actual trading. In section 6 and section 7, we examine the asymptotic solution for futures options through simulated and historical data and use the Schwartz (1997) two factor model for comparison. Section 8 summarizes the main conclusions.
Schwartz' Model with Stochastic Volatility
Our model consists of the three factors −− spot price S t , convenience yield y t and spot volatility V t . For pricing futures and futures options their dynamics under a chosen risk-neutral measure Q is relevant. We assume that under Q we have that
is a suitable and sufficiently smooth function.
1 The parameter λ represents the 1 Volatility, at least under the real world measure, the follows an Ornstein-Uhlenbeck process. This process is also the focus of Fouque et al. (2000) . It has the disadvantage of taking negative values, even though the instantaneous variance of returns
2 dt is positive no matter what. The techniques of Fouque et al. (2000) have been extended to cover volatility of Cox-Ingersoll-Ross (CIR) or Heston type in Ting and Ewald market price of convenience yield risk and
where γ is the market price of volatility risk. We assume that γ(V ) is a bounded function of V alone.
2
The key realization in the approach by Fouque et al. (2000) is to consider the rate of mean reversion κ 2 as a large parameter and consequently the parameter ε = 1/κ 2 as a small parameter and then expand the pricing PDE and solution in terms of orders of ϵ.
Under the Ornstein-Uhlenbeck volatility assumption, the variance of the invariant distribution of V , denoted as v 2 , can be expressed as
. Therefore, under the risk-neutral measure Q, the stochastic differential equation (1) can be rewritten as
Under no-arbitrage, the value of a contingent claim P (t, S, y, V ) with payoff h(S) must satisfy the following partial differential equation and boundary condition:
and
The Operator Notation
In order to account for terms of order 1/ε, 1/ √ ε, 1 in the partial differential equation (4), we introduce the following convenient notation:
(2013).
2 For calibration, a suitable parametric form would need to be chosen; often it is chosen as constant or proportional to V .
Note that L 2 is the Schwartz (1997) two factor model operator at the volatility level f (V ). We denote this as L T F (f (V )).
With this notation, the partial differential equation (4) for the price of the contingent claim becomes
(
The Formal Expansion
We expand the solution P of (9) in powers of √ ε,
Our primary interest is in the the first two terms, P 0 + √ εP 1 . The terminal condition for the first term is P 0 (T, S, y, V ) = h(S) while the second term has to satisfy P 1 (T, S, y, V ) = 0.
Substituting equation (10) into equation (9), we obtain
The Diverging Terms
To eliminate the terms of order 1/ε, we must have
Note that the operator L 0 takes derivatives with respect to V and that the equation above can only hold if P 0 is constant with respect to V , that is
and independent of V . Similarly, in order to eliminate the terms of order 1/ √ ε, we must have
As the operator L 1 factors through
Again, because L 0 only acts on the V variable, we get
which also implies that L 1 P 1 = 0. Therefore, to eliminate the terms of order 1 we must have
The Zero-Order Term
Equation (12) is a Poisson equation and only has a solution if
where the brackets denote the expectation with respect to the invariant distribution χ of V , 4 i.e.
where f is as in (1).
Therefore, the zero-order term P 0 (t, S, y) is the solution of the Schwartz (1997) two factor model, identified by
with the terminal condition P 0 (T, S, y) = h(S)
As the centering condition is satisfied, we have
Then the second-order correction P 2 can be identified from (12) as
where ϕ 1,2 (V ) are solutions of the Poisson equations
and c i (t, S, y), i = 1, 2 do not depend on the V variable, but may depend on (t, S, y). This is similar as in Fouque et al. (2000) .
The First Correction
Similarly, in order to eliminate the terms of order √ ε, we have
This again is a Poisson equation for P 3 with respect to L 0 , which requires the centering condition
The solution for P 2 is given by equation (15), P 1 is independent of V and
Note again that L 1 factors through
and c i (t, S, y) does not depend on V , hence we can derive that L 1 c i = 0.
Then the problem is to determine the expressions ⟨L 1 ϕ 1 (V )⟩ and ⟨L 1 ϕ 2 (V )⟩,
Finally, we can deduce that
Now we introduce the first correction term,P 1 (t, S, y) = √ εP 1 (t, S, y), and write equation (22) as
where G(t, S, y) reflects upon the right hand side of (22). The solution for P 1 (t, S, y) is −(T − t)G with boundary condition. This can be easily verified from the identity,
The second term on the right side of equation (24) is equal to zero (see appendix A for detail). Therefore, the solution for the second term √ εP 1 in the expansion equation (10) is
where A 2 , A 3 , A 4 , A 5 and A 6 are five coefficients, given in terms of κ 2 = 1/ε by
Therefore, the corrected price is given explicitly by
where P 0 is the Schwartz (1997) 
where Φ(V ) is the probability density of the N (m, v 2 )-invariant distribution. Note that we have zero on both sides when the interval of integration is infinite.
Therefore, with a particular choice of a function f (e.g., f (V ) = V ) and boundary condition, we can find,
where X is the indefinite integral of f (i.e. X ′ = f ), and
Similarly, the solution for ϕ ′ 2 is,
Therefore, we can find the solution for ⟨f ϕ
Assuming the market price of volatility risk γ is 0 and f (V ) = V , the quantities A 2 , A 3 , A 4 , A 5 and A 6 can be obtained analytically by the remaining model parameters (see appendix B for detail):
European Commodity Call Options
Formulas for pricing European options on commodity futures in the Schwartz (1997) two-factor model (without stochastic volatility) have been presented in Miltersen and Schwartz (1998) and Hilliard and Reis (1998) .
Here we assume that the European call option C is considered at time zero with maturity t, exercise price K and written on a commodity futures contract with maturity T . Usingσ to substitute for the constant spot price volatility, the value of a European call option on a futures in the Schwartz (1997) two-factor model is given by
with
and N (·) being the cumulative standard Normal distribution function.
Hilliard and Reis (1998) also presented a simple expression for the price of a futures contracts under the assumption of constant spot volatility. In our case, the value of a futures contract at time zero is given by
Asymptotic Solution in Terms of Futures Prices
In this section we rewrite equation (31) in terms of futures rather than spot prices. Technically, this amounts to changing the set of state variables in the model from (S, y, V ) to (F, y, V ), where F denotes the futures price for a given maturity. The advantage of this is that the asymptotic formula then admits a feature of symmetry, which is useful in calculations.
As P 0 is given in form of an explicit analytic expression, we can compute the derivatives
∂S∂y 2 in equation (31). We may then compute the Delta of the P 0 term as follows:
Similar, we obtain for the Gamma,
where we note that
Further, for the Speed,
noting that
∂S 3 = 0. More generally, it is possible to show that
We can also compute the cross derivatives
as well as
) .
Therefore, the asymptotic expansion including the correction term, (31), can be expressed as in terms of futures prices as
where P 0 is the Schwartz (1997) two factor model price with constant volatilityσ
Asymptotic Results on Simulated Data
In order to demonstrate the accuracy of our formula, we present some numerical examples in this section, taking account of different option positions. We compare the results obtained from our asymptotic formula to those obtained from the Schwartz (1997) two factor model with constant volatility (explicit formula) and those from Monte Carlo simulation for the full model with stochastic volatility.
In the process of the Monte Carlo simulation we employed the Euler Maruyama discretization for the spot, convenience yield and stochastic volatility dynamic according to (46) and generating a given correlation structure through Cholesky decomposition   
withW i , i = 1, 2, 3 independent Brownian motions. We assume that the initial spot price is 100, the initial convenience yield is 0.05, the initial spot volatility is 0.8944 and both futures contracts' and futures options contracts' maturity is 1 year. All parameters of the model are listed in table (1). 
We can then estimate the average spot volatilityσ from Monte Carlo simulation as 0.2162 and compute the long term standard deviation of volatility v as 0.1581. From equations (38) to (42) With these parameters, futures call option prices have been computed by the asymptotic method (Asymptotic) and compared to Monte Carlo prices (MC) and the prices computed from the Schwartz (1997) two factor model (TF) without stochastic volatility. We choose the Monte Carlo simulation results as our benchmark price. The variable gap1 represents the error(%) between the MC and Asymptotic prices while gap2 represents the error(%) between the prices for MC and TF. Table 2 shows that the results of the asymptotic method are in general better than those of the standard Schwartz (1997) two factor model, except for the deep in the money options with strike prices of 80. More specifically, the error for asymptotic results seems to vary in a non-monotonic way through moneyness of the option, taking a minimum for 'at the money' options, while the error for the Schwartz (1997) two factor model increases monotonically as the strike price increases, from 1.86% to 8.9%. For at the money options, the result obtained from the asymptotic method is roughly 4 times better than the result obtained from the Schwartz (1997) two factor model. This is particularly important as these options are generally the most liquid options on the market, having attached a large weight in the calibration of the model. 7 Asymptotic Results on Market Data
Data
We consider European natural gas futures option as traded on the Chicago Mercantile Exchange (CME) in order to test our asymptotic formula and to test specifically whether the asymptotic formula provides any improvement in terms of overall fit to market data, as compared to the Schwartz (1997) two-factor formula. The chosen data cover the period from 27/03/2012 to 26/09/2013, with 2 year, 1 year, 0.75 year and 0.5 maturities. Since the natural gas futures prices are centered around 4, we chose natural gas futures options contracts with strike prices 2.5, 3, 3.5, 4, 4.5 and 5 to study the performance of the asymptotic pricing formula for different levels of moneyness and overall. Table 4 displays the market prices of the natural gas futures options corresponding to the futures prices in Table 3 and the chosen strike prices.
5 The US Dollar LIBOR average rates in 2013 for 6 month, 9 month and 12 month maturities were 0.409%, 0.601% and 0.683% respectively, 0.5% is therefore a reasonable value for short to medium term interest rates during this period. Our model features a constant interest rate r and therefore does not permit too much flexibility to be fitted to arbitrary term structures. However fitting arbitrary term structures is also not the intention of our model. Our aim is to obtain a good general fit of option prices for short to medium term options. Nevertheless, the inclusion of stochastic interest rates into our methodology presents an interesting avenue for further research.
Calibration
Both models, standard Schwartz (1997) two factor model and our asymptotic two factor model with stochastic volatility, have been calibrated to the market prices using non-linear least squares. Parameters for both models have been estimated and are presented in Table 5 .
As Fouque et al. (2000) show, the accuracy of the approximation depends on the ergodicity of the process V t , i.e. lim t→∞
)ds approximates ⟨g⟩ therefore depends on the mean reversion speed κ 2 in addition to the time to maturity. In this case, the estimate of κ 2 and the maturities considered provide a good fit. The residual sum of squares (RSS) which measures the overall fit of the calibration for the chosen natural gas Schwartz (1997) two factor model are 0.0018 and 0.0026 respectively. While the difference appears to be small in absolute terms, it becomes very significant with large trading volume. In relative terms, and this is the important conclusion, the asymptotic method improves overall accuracy by roughly 30%, compared with the standard Schwartz (1997) two factor model. The benefit from using the asymptotic method is therefore evident. Further, looking at different maturities separately, we observe from Table 7 , that the value of RSS for the asymptotic two factor model are lower than the corresponding RSS for the standard Schwartz (1997) two factor model in all four maturities cases. Especially, for long maturities (T = 2), the performance of the asymptotic method is significantly better than the performance of the standard Schwartz (1997) two factor model. This improved fit comes at virtually no extra cost in computational effort, as our asymptotic formula is explicit and no more complex that the standard Schwartz (1997) two factor formula.
Conclusion
In this paper, we derived an asymptotic option pricing formula for a Schwartz (1997) like model with stochastic convenience yield and stochastic volatility. The formula can be expressed both in terms of spot price and futures price. We demonstrate that our formula provides an excellent approximation through use of both simulated and real market data. Compared with corresponding results for the standard Schwartz (1997) two factor model, the asymptotic model solution improves overall accuracy by about 30%. The improvement is even better, by a factor of 4, for options with long maturities. As our asymptotic formula is explicit and analytic, its application does not increase the computing time, compared to that from the standard Schwartz (1997) two factor model. In conclusion we recommend application of our asymptotic formula instead of the standard Schwartz (1997) two factor formula. We further believe that our asymptotic formula will lead to better performance in hedging, but leave this for future research.
Appendix A
We prove that L T F (σ)G in equation (24) is zero. In equation (23), the operator L T F (σ) is expressed as in equation (8), acting on the variables S and y. In fact, it can be transformed into an operator which only acts on F , that is,
where F = Se A+Hy , σ = √σ 2 + H 2 σ 2 c + 2ρ 12σ σ c H.
6
Similarly, G can also be rewritten as a function of F , that is,
6 Note that H and hence σ in (47) depend on the time to maturity T − t. Hence (47) is a Black-Scholes equation with time dependent volatility. We can therefore conclude that the second term L T F (σ)G in equation (24) is zero since,
Equation (49) can be proved by following the method provided in Ting (2013) .
Appendix B
In order to compute A 2 , A 3 , A 4 , A 5 and A 6 analytically, we must compute the expressions ⟨f ϕ 2 ). Therefore
Similarly, the expressions for ⟨ϕ 
The expressions for A 2 , A 3 , A 4 , A 5 and A 6 can be obtained by substituting the above results.
